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Abstract. In every Fréchet space E with separable quotient, the countable-
codimensional subspaces admit separable quotients [Saxon (1991)]. We gener-
alize to metrizable primitive spaces E and function spaces C (X). Our proof
yields a new characterization: A locally convex space E is primitive if and only
if, given any closed countable-codimensional subspace F and dense subspace
D in E, the intersection of F and D is dense in F .

1. Introduction

With Banach�s problem yet unsolved, analysts since Eidelheit (1936) have stud-
ied separable quotients of non-Banach spaces. Locally convex space (lcs) solutions
implicate weak barrelledness and P-spaces [6, 8, 9, 11, 14, 18, 20, 23, 24, 25,
27, 29, 33, 34]. In 2014 we gave the �rst examples of an lcs without a separable
quotient [14], and in 2016, noted that if an lcs admits a separable quotient, then
so do its �nite-codimensional subspaces [11, Theorem 1].

In 1952 Dieudonné [4] exhibited two properties inherited by �nite-codimensional
subspaces. We now know that, of the sixteen listed below in the Weak Barrelled-
ness Table from [31], only C-barrelled and c0-barrelled may be disinherited. The
other fourteen properties are inherited even by subspaces of countable (i.e., �nite or
denumerable) codimension, studied since 1968 by Amemiya-Kōmuro [1] and Köthe
[16], then Levin, Saxon, Todd, Valdivia [17, 22, 28, 35] from 1971 on, including
De Wilde, Houet, K ¾akol, Webb, and many others. Codimension permeates the 1987
book by Pérez Carreras and Bonet [19], prompting the Arias de Reyna-Valdivia-
Saxon theorem on hyperplanes (1-codimensional subspaces) featured in the 2011
book by K ¾akol, Kubís, and López-Pellicer [10, pp. 20-24].

De�ne lcs and quotient to be Hausdor¤, and in�nite-dimensional except where
otherwise indicated. An lcs is properly separable [20] if it contains a proper dense
@0-dimensional subspace (see [11, 14, 27]). With these understandings, then,
E=M is a [separable] hproperly separablei quotient of an lcs E if and only if M is a
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closed subspace, possibly �nite-dimensional, that is @0-codimensional in a [dense]
hdense and properi subspace of E.

We do not know if all Cc (X) and/or Cp (X) admit separable quotients (X an
in�nite Tychono¤ space), but these spaces are known to be non-S�, i.e., are not
covered by any increasing sequence of proper closed subspaces. In such spaces,
the dimension of a quotient cannot be @0, so the quotient is properly separable if
(and only if) it is separable. By contrast, the weak duals of Cc (X) and Cp (X)
always have separable quotients [8, 14], but have properly separable quotients
precisely when X is not a P-space [11]. When X is a P-space, i.e., when countable
intersections of open sets are open in X, then Cc (X) and Cp (X) have separable
quotients [11].

Weak Barrelledness Table

BL ) QB ) barrelled
+

@0-barrelled ) `1-barrelled ) property (C)
1) separable

+ + +
C-barrelled ) c0-barrelled property (S)

3) metrizable + + +
property (L) ) mc0-barrelled ) dlc

2) Mackey

+ + + +

non-S� ) inductive ) '-complemental ) primitive
4) Mackey

5) metrizable

The Table depicts a dichotomy: For metrizable spaces, the twelve properties in
box 3 are equivalent [1, 21, 22], from Baire-like (BL) to dual locally complete (dlc),
as are the four in box 5, from non-S� to primitive [30]. An lcs E is primitive [31, 32]
if f is continuous whenever f is a linear form on E with each f jEn continuous for
some increasing covering sequence fEngn of subspaces. Fréchet spaces enjoy all the
properties, while many metrizable spaces are primitive and not barrelled [30]; i.e.,
enjoy precisely the properties in box 5. All @0-dimensional spaces are S�, thus are
never both metrizable and primitive.

If ffngn � E0, the eventually zero subspace ez ffngn in E is given by

ez ffngn = fx 2 E : fn (x) = 0 for all but �nitely many n 2 Ng .

We [14, 27, 31] proved

(A) E has a [separable] hproperly separablei quotient if and only if E has a
[dense S�] hdense non-primitivei subspace.

(B) E has a properly separable quotient if and only if ez ffngn is dense and
proper in E for some sequence ffngn � E0.

(C) E is primitive if and only if, for each ffngn � E0 with ez ffngn = E, the
pointwise sum

P
n fn is in E

0.



SEPARABLE QUOTIENTS AND CODIMENSION 3

As (A) and box 5 suggest, one easily proves: When E is metrizable, the sepa-
rable and properly separable quotients coincide.

Answering question 13.2.2 of [19], the Eidelheit-Pérez Carreras-Bonet-Saxon
theorem ensures every countable-codimensional subspace of a non-Banach Fréchet
space has a separable quotient [6, 18, 23, 24]. Whether non-Banach can be omit-
ted is equivalent to Banach�s classic problem, since Saxon proved [23, Theorem
2(a)]: If an arbitrary Fréchet space admits a separable quotient, so do its countable-
codimensional subspaces. We prove much more, replacing Fréchet with metrizable
primitive. Along the way we characterize primitive anew and show that if a prim-
itive space admits a properly separable quotient, so do its �nite-codimensional
subspaces.

Finally, amid open questions, our techniques prove Theorem 12: If a space
Cc (X) or Cp (X) admits a separable quotient, so do its countable-codimensional
subspaces. We reconsider the weak dual of Cp (X).

2. Results

We [11] observed that E is properly separable if and only if E is separable and
E0 6= E�, a corollary to the fact that �nite-codimensional subspaces of separable
lcs�s are separable [5]. The latter fact is also used to prove [11, Theorem 1] (quoted
above), which fails for properly separable quotients:

(y) There is an lcs (E; �) with dense hyperplane F such that E admits a prop-
erly separable quotient and F does not.

Indeed, our [11, Examples 3, 25] demonstrate the fact that any S� space (F; T )
without a properly separable quotient can be given a compatible topology and
embedded as a dense hyperplane in some lcs (E; �) that admits a properly separable
quotient. Since (F; T )0 = (F; �)0, the subspace (F; �) of E lacks a properly separable
quotient. Many choices for (F; T ) are given in [11]: Every space of the form G�'
with G an arbitrary GM -space (i.e., every S� GM -space), every Lp (X) space with
X an in�nite P-space, and every space FB as in [26] with B a Hamel basis for F
and cof (jBj) 6= @0.

Role reversals easily prove positive: If a dense subspace F of an lcs E has a
[separable] hproperly separablei quotient, then so does E. (Use (A).) Similarly,

Theorem 1. If a countable-codimensional subspace F of an lcs E has a [sep-
arable] hproperly separablei quotient, then so does E.

Proof. Let G be an algebraic complement of F . By (A), F contains a dense
subspace F0 which is [S�] hnon-primitivei. Now F0 + G is a dense subspace of E,
and is [S�] hnon-primitivei since its countable-codimensional subspace F0 is [31].
Thus (A) implies E has a [separable] hproperly separablei quotient. �

Example (y) fails if dense is replaced by closed. But �rst, observe

Lemma 2. If F is a closed �nite-codimensional subspace of an lcs space E, and
D is a dense subspace of E, then F

T
D is dense in F .

Proof. Algebraically, D = D0�(F
T
D) for some �nite-dimensional subspace

D0. Containing D and closed, D0+F
T
D = E. Since D0 is transverse to the closed

F � F
T
D, we have F

T
D = F . �



4 JERZY K ¾AKOL AND STEPHEN A. SAXON

The Lemma fails if closed is omitted: In every lcs E with E0 6= E� there are
dense hyperplanes F and D with F

T
D a closed hyperplane of F .

Theorem 3. If an lcs E admits a properly separable quotient, then so does
every closed �nite-codimensional subspace F of E.

Proof. Indeed, (B) yields ffngn � E0 with Z = ez ffngn dense and proper in
E. By the Lemma, F

T
Z is dense in F . Now Z 6� F , since every superspace of F

is closed. Therefore F
T
Z = ez ffnjF gn is a proper dense subspace of F , so that

F has a properly separable quotient by (B). �

One cannot replace �nite- with countable- (see [11, Ex. 2]):

Example 4. Let E1 be any lcs without a separable quotient [14], and E2 any
@0-dimensional metrizable space. The space E = E1 � E2 has a properly separable
quotient, namely, E2, but its closed countable-codimensional subspace E1 does not.

The general picture is complete. However, our proof [11, Theorem 27] that (y)
is uniquely constructed, viewed contrapositively, says

(yy) If a primitive space E admits a properly separable quotient, then so do its
dense hyperplanes.

Therefore,

Theorem 5. If a primitive space E has a properly separable quotient, so does
every �nite-codimensional subspace F .

Proof. By (yy) and Theorem 3, every hyperplane in E, dense or closed, has a
properly separable quotient, and is primitive [31, Theorem 2.9]. The same is true
of F by �nite induction (or by hypothesis, if F = E). �

Example (y) shows primitive cannot be omitted. Yet, even though primitive
is the weakest of weak barrelledness (see Table), it exceeds necessity: Any @0-
dimensional metrizable space E veri�es the conclusion of the Theorem but is not
primitive.

In our analog to Lemma 2, primitivity is both necessary and su¢ cient:

Theorem 6. An lcs E is primitive if and only if, for every closed countable-
codimensional subspace F and dense subspace D in E, the intersection F

T
D is

dense in F .

Proof. Suppose E is primitive. Let F and D be given and assume there is
some x 2 FnF

T
D. The Hahn-Banach theorem and basic linear algebra provide

f 2 E� with f jF 2 F 0 and f (x) = 1 and f (D) = f0g. Density of D implies f =2 E0.
Since codimE F � @0, there is an increasing sequence fEngn of closed subspaces
covering E with E1 = F and each codimEn E1 < n. As each f jEn is continuous,
f 2 E0 by de�nition of primitive, a contradiction. Hence the assumption is false,
which means F

T
D is dense in F .

Conversely, suppose E is not primitive. Then (C) yields f =
P

n fn 2 E�nE0
for some ffngn � E0 with ez ffngn = E. Fix x 2 E and p 2 N with f (x) 6= 0
and fn (x) = 0 for all n > p. Set Mk =

T
n>k f

?
n for each k 2 N. Now

fMkgk is an increasing sequence of closed subspaces which covers E, and since
each codimMk+1

Mk � 1, we have codimEMp � @0. We set F = Mp and D = f?
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to see that the intersection condition fails. Indeed, the hyperplane D is dense in E
since f 62 E0. Since x 2 FnD and f jF = (f1 + � � �+ fp) jF is continuous,

F
\
D = F

\
f? = F

\
(f1 + � � �+ fp)?

is a proper closed subspace of F . �

Rudimentarily, a subspace of an arbitrary lcs E is closed if it contains a �nite-
codimensional closed subspace of E. Analogously, according to [31, Theorem 2.4]

(C0) An lcs E is primitive if and only if each superspace of any closed countable-
codimensional subspace in E is, itself, closed.

Consequently,

Theorem 7. If a primitve lcs E admits a properly separable quotient, then so
does every closed countable-codimensional subspace F .

Proof. Repeat the proof of Theorem 3, using (C0) and Theorem 6. �

We do not know if closed can be omitted or, equivalently, replaced by dense.
A topological space S has countable tightness, or is countably tight, if for every

set A � S and every x in the closure A, there is a countable set B � A with x 2 B.
Every metrizable lcs is countably tight, as are many non-metrizable lcs�s (see [2,
Proposition 4.7, Theorem 4.8] and [3, 7]).

Theorem 8. If a countably tight lcs E admits a separable quotient, then so
does every dense countable-codimensional subspace F .

Proof. By hypothesis, E contains transverse subspaces M and G with M
closed, dimG = @0, and M + G dense in E. Set M0 = M

T
F and let M1 be an

algebraic complement of M0 in M , necessarily with dimM1 � @0. Since (i) E is
countably tight, (ii) F is dense, and (iii) dim (M1 +G) = @0, there is a countable
set B � F whose closure contains a Hamel basis for M1 + G. (Construct B as a
countable union of countable sets.) Because F0 = M0 + spB is a subspace of F
whose closure contains M0 +M1 +G =M +G, the closure is all of E. A fortiori,
F0 is dense in F . Clearly, M0 is countable-codimensional in F0, in fact, must be
@0-codimensional: If L were a �nite-dimensional complement to M0 in F0, then
L +M would be a closed subspace of E containing the dense F0, thus containing
E, which would contradict in�nite-codimensionality of M . Therefore F=M0 is a
separable quotient of F . �

Theorem 9. If a countably tight primitive space E has a properly separable
quotient, then each countable-codimensional subspace F has a separable quotient.

Proof. Theorems 7, then 8 yield separable quotients for F , then F . �

Corollary 10. If a metrizable primitive space E has a separable quotient, so
does every countable-codimensional subspace.

One cannot omit metrizable [11, Example 2].
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3. More questions, answers, comments

Q1. Can primitive be omitted in Corollary 10?
Equivalently, does each metrizable lcs E1 have a separable quotient? [In Ex-

ample 4, our space E = E1 � E2 is metrizable with separable quotient if E1 is
metrizable]. The known supply of lcs�s without separable quotients consists of dense
subspaces of countable-codimensional subspaces [Theorem 1] of non-S� GM -spaces
[14] with any compatible topology. None of these is metrizable. Spaces without
properly separable quotients seem much more plentiful, including all GM -spaces
[14] and many spaces of the form Lp (X) and FB (see above).

For metrizable spaces and Cp (X) spaces, again, there is no distinction between
separable and properly separable quotients. We rephrase [11, Q3]:

Q2. Is there a compact X such that Cp (X) lacks a separable quotient?
No, for X Valdivia compact. Our Theorem 18 in [11] shows that for any X

containing a closed denumerable set, Cp (X) has a metrizable separable quotient.
This includes many non-compact X (e.g., all P-spaces) and many compact X,
particularly Valdivia compact spaces, as they all contain nontrivial convergent se-
quences by Kalenda�s result [15]. They are plentiful, indeed: metrizable compact
) Eberlein compact ) Talagrand compact) Gul�ko compact ) Corson compact
) Valdivia compact (see [10, 15]).

One can narrow the question further. As �N does not admit a denumerable
closed subset, we know that Cp (�N) does not admit a separable algebra quotient
[11, Theorem 18]. But

Q3. Does Cp (�N) admit a separable quotient?

To answer related questions for arbitrary X, compact or not, �rst note

Lemma 11. Let E = M � N be the topological direct sum of subspaces M
and N . If N is separable and metrizable with dimN > @0, then every countable-
codimensional subspace F in E has a separable quotient.

Proof. Set M0 = M
T
F; N0 = N

T
F; F0 = M0 � N0. Clearly, M0 and

N0 are countable-codimensional in M and N , respectively. Thus F0 is countable-
codimensional in E, thus in F . Now N0 is a quotient of F0 with dimN0 > @0,
separable via metrizability. Theorem 1 ensures a separable quotient for F . �

Theorem 12. If Cp (X) or Cc (X) has a separable quotient, then so does every
countable-codimensional subpace F in Cp (X) or Cc (X), respectively.

Proof. We give the proof explicitly for Cp (X). It may be repeated for Cc (X).
There are two cases for the in�nite Tychono¤ space X.

I. X is pseudocompact (i.e., every continuous real-valued function on X is
bounded, so that Cp (X) is dominated by the Banach space Cbu (X).)

Let E be the closure of F in the Banach space Cbu (X), of �nite codimension in
C (X) since Banach spaces are non-S�. Now E, as a �nite-codimensional subspace
of Cp (X), has a separable quotient E=M by hypothesis and Theorem 5 (or [11,
Theorem 1]). In addition, F is a dense countable-codimensional subspace of E and
every point in E is the limit of a sequence in F under the norm topology, hence
under the coarser topology induced by Cp (X). Therefore the proof of Theorem 8
shows that F=M0 is a separable quotient of F , where M0 =M

T
F .

II. X is not pseudocompact.
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In this case, both Cc (X) and Cp (X) contain copies of the c-dimensional metriz-
able separable space RN by [11, Theorem 14] (see [12, 13]). Since in any lcs, copies
of RN are complemented [19, 2.6.5(iii)], Lemma 11 yields the conclusion. �

Replacing separable with properly separable merely restates Theorem 12, since
countable-codimensional subspaces of Cp (X) and Cc (X) are non-S� [31], which
partially answers

Q4. If a primitive space E admits a properly separable quotient, must its
countable-codimensional subspaces do likewise?

Despite our positive answer for E = Cp (X), the question is vacuous for E =
Lp (X), the weak dual of Cp (X). Indeed, Lp (X) admits a properly separable
quotient if and only if X is not a P-space, if and only if Lp (X) is not primitive [11,
Theorem 23]. One reasonably asks, instead,

Q5. If the space Lp(X) admits a properly separable quotient, must its countable-
codimensional subspaces (of in�nite dimension) do likewise?

The parenthetical constraint in Q5 would be redundant in Q4. Indeed, if E
is primitive with properly separable quotient, then dimE > @0. And therefore, if
codimE F � @0, then dimF is necessarily in�nite (> @0, even).

We fully answer Q5 by Example 13, below, yet cannot answer
Q6. If the space Lp(X) admits a properly separable quotient, must its �nite-

codimensional subspaces do likewise? (Cf. Theorem 5.)
Fix a point y in an in�nite Tychono¤ P-space Y and let Z be a denumerable

set disjoint from Y . Give X = Y
S
Z the completely regular Hausdor¤ topology

de�ned so that A is open in X if and only if A
T
Y is open in the original topology

on Y and either (i) y =2 A or (ii) y 2 A and ZnA is �nite. Clearly, X induces the
original topology on Y and makes the sequence Z converge to y. Also, any g 2 C (Y )
may be extended to g 2 C (X) by setting g (Z) = fg (y)g. In the usual manner, we
consider X a Hamel basis for Lp (X), and Cp (X) the weak dual of Lp (X). The
extensions prove the topology of Lp (Y ) is that induced by its superspace Lp (X).
Consequently,

Example 13. Given X;Y; Z as above, Lp (X) admits a properly separable quo-
tient and its countable-codimensional subspace Lp (Y ) does not, since X is not a
P-space and Y is [11, Theorem 23].

Quite by contrast, for arbitrary Tychono¤ spaces X we have

Theorem 14. Every in�nite-dimensional subspace of Lp (X) admits a separable
quotient.

Proof. We re�ne the proof of [8, Theorem 3]. If F is an in�nite-dimensional
subspace of Lp (X), then there is a sequence fzngn of distinct points of X, a se-
quence fangn of non-zero scalars, and a subsequence i1 < i2 < : : : of N with eachP

k�in akzk 2 F . We routinely �nd a subsequence fxngn of fzingn and disjoint
sets Un, open in X, with each xn 2 Un. Next, we choose open sets Vn such that
each xn 2 Vn � Un, with zk =2 Vn when [xn = zim and k < im]. Separation dogma
also yields a sequence ffngn � Cp (X) such that fn (xn) = 1 and fn (XnVn) = f0g.
Since the Vn are disjoint, ez ffngn = Lp (X). Thus ez ffnjF gn = F , and by con-
struction the sequence ffnjF gn is linearly independent in F 0. Hence F is S� [31,
Theorem 2.1(3)], and F admits a separable quotient by (A). �
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