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On precompact sets in spaces Cc .X /
Juan Carlos Ferrando and Jerzy Ka̧kol
Abstract. We show that the fact that X has a compact resolution swallowing the compact
sets characterizes those Cc .X/ spaces which have the so-called G-base. So, if X has
a compact resolution which swallows all compact sets, then Cc .X / belongs to the class
G of Cascales and Orihuela (a large class of locally convex spaces which includes the
(LM) and (DF)-spaces) for which all precompact sets are metrizable and, conversely, if
Cc .X/ belongs to the class G and X satisfies an additional mild condition, then X has a
compact resolution which swallows all compact sets. This fully applicable result extends
the classification of locally convex properties (due to Nachbin, Shirota, Warner and others)
of the space Cc .X / in terms of topological properties of X and leads to a nice theorem
of Cascales and Orihuela stating that for X containing a dense subspace with a compact
resolution, every compact set in Cc .X / is metrizable.
Keywords. Compact resolution, space Cc .X/, G-base, class G, K-analytic space,
W -space, quasibarrelled space.
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1 Preliminaries
In what follows, unless otherwise stated, X will be a Hausdorff completely regular
space and Cp .X/ and Cc .X / will denote the space C.X/ of all real-valued continuous functions defined on X provided with the pointwise convergence topology
and with the compact-open topology, respectively.
N
Let us recall that a family
S A D ¹A˛ W N˛ 2 N º of subsets of a set X is
called a resolution of X if ¹A˛ W ˛ 2 N º D X and A˛  Aˇ for ˛  ˇ
(coordinatewise), see [9, Chapter 3]. A resolution A of a topological space X is
called compact if it consists of compact sets.
A locally convex space (lcs) E is said to have a G-base (or a G-basis) (see
[9, Chapter 1]) if there exists a basis ¹U˛ W ˛ 2 N N º of (absolutely convex)
neighborhoods of the origin in E, such that Uˇ  U˛ whenever ˛  ˇ.
An lcs E is said to belong to the class G if its topological dual E 0 has a resolution ¹A˛ W ˛ 2 N N º such that for every ˛ 2 N N each sequence in A˛ is
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equicontinuous [4] (see also [9, Chapter 11]). Clearly, if an lcs E has a G-base,
then E belongs to the class G. More precisely, as shown in [3, Lemma 2], a quasibarrelled lcs E has a G-base if and only if E belongs to the class G. The class G
is large; it contains ‘almost’ all important classes of lcs, for example (LM)-spaces
(hence metrizable lcs) and (DF)-spaces. Many important properties about spaces
in the class G (see [9] for details) have been discovered during last twenty years,
mostly due to Cascales, Orihuela, Saxon, López Pellicer and others. The following
remarkable result due to Cascales and Orihuela motivates our work
Theorem 1 ([4]). Let E be an lcs in the class G. Every precompact set in E is
metrizable. A weakly compact set Y in E is weakly metrizable if and only if Y is
contained in a weakly separable set.
On the other hand, although spaces Cp .X / are not in G for uncountable X,
see [3], Cascales and Orihuela proved in [5] that for web-compact spaces X every
separable compact set in Cp .X / is metrizable.
The corresponding problem for spaces Cc .X / seems to be more involved. We
start by showing that the fact that X has a compact resolution swallowing the
compact sets characterizes those Cc .X / spaces that have a G-base. This implies
that
() if X has a compact resolution which swallows all compact sets, then Cc .X/
belongs to the class G and, conversely, if Cc .X/ belongs to the class G and
X satisfies a mild condition (weaker than that of being realcompact), then X
has a compact resolution which swallows all compact sets.
This fact also supplements some other results of [14], where Warner collected
together several locally convex properties of Cc .X/ in terms of X. As a nice application of () we propose Corollary 5 (originally due to Cascales and Orihuela, see
[4, Corollary 1.1 (i)]), stating that if X contains a dense subspace with a compact
resolution, then every compact set in Cc .X / is metrizable.
Let us recall that a space X is called a Lindelöf †-space [1] (or K-countably
determined) if there is an upper semi-continuous compact-valued map from a nonempty subspace  of the product space N N , where N is equipped with the discrete
topology, into X covering X. If the same holds for  D N N , then X is called
K-analytic. On the other hand, X is quasi-Suslin if there exists a set-valued map
T from N N into X covering X which is quasi-Suslin, i.e., such that if ˛n ! ˛ in
N N and xn 2 T .˛n / then ¹xn º1
nD1 has a cluster point in T .˛/, see [13].
Note that K-analytic , (Lindelöf ^ quasi-Suslin), and K-analytic ) Lindelöf
†. A topological space X is analytic if it is a continuous image of N N . Every
K-analytic space has a compact resolution, see [12] or [2], and every angelic space
with a compact resolution is K-analytic, see [2, Corollary 1.1].
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3

Cc .X / spaces in class G

Recall that a subset B of a topological space X is called bounding [resp. b-bounding] if f .B/ is a bounded subset of R for all f 2 C.X/ [for every bounded set
M in Cc .X/ one has that sup¹jf .t /j W t 2 B; f 2 M º < 1], see [11, Definition
10.1.16]. A topological space X is a -space [resp. W -space] if every bounding
[b-bounding] set is relatively compact. Every realcompact space is a -space, and
every -space is a W -space. Note also that if X is a hemicompact space, i.e., if
X has an increasing sequence ¹Kn W n 2 Nº of compact sets that swallow all
compact sets in X, then the sets A˛ WD Kn1 for each ˛ D .nk / 2 N N compose
a compact resolution swallowing the compact sets. By Christensen [6, Theorem
3.3], a second countable regular space X is completely metrizable if and only if
X has a compact resolution swallowing the compact sets. It is also worth while
to recall that a compact space X is metrizable if and only if .X  X / n  has a
compact resolution which swallows all compact sets, where  WD ¹.x; x/ W x 2
Xº, see [4]. On the other hand, it is well known by Arens’ theorem that Cc .X/ is
metrizable if and only if X is hemicompact, see [14]. We start with the following
variant of Arens and Tkachuk’s theorems for spaces Cc .X/, where p and c are
the pointwise and the compact-open topologies on C.X/, respectively.
Theorem 2. Cc .X/ has a G-base if and only if X has a compact resolution that
swallows all compact sets.
Proof. For each compact K  X and  > 0 define
®
¯
ŒK;  D f 2 C.X / W sup jf .x/j   :
x2K

If ¹A˛ W ˛ 2

NN º

is a compact resolution of X, set
U˛ D ŒA˛ ; ˛.1/

1



for ˛ 2 N N and put U D ¹U˛ W ˛ 2 N N º. Clearly, U is a family of absolutely
convex and absorbing sets in C.X / such that Uˇ  U˛ whenever ˛  ˇ, composing a filter base. The reader may easily check that U is a G-base for a locally
convex topology  on C.X/ with p    c . Now assume that ¹A˛ W ˛ 2 N N º
swallows all compact sets and let V be a neighborhood of the origin of Cc .X/. If
K is a compact set in X with ŒK;   V for some  > 0, choosing 2 N N such
that K  A and .1/ 1 < , then U  ŒK;   V . This shows that  D c , so
¹U˛ W ˛ 2 N N º is a G-base for Cc .X /.
Conversely, suppose that Cc .X / has a G-base ¹U˛ W ˛ 2 N N º. For every set
U in C.X/ define the corresponding set U Þ in X by writing
®
¯
U Þ D x 2 X W jf .x/j  1 8f 2 U :
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Clearly, U Þ is closed in X and U  V implies that U Þ  V Þ . If K is compact
and  > 0, then ŒK; Þ  K, since if x 2 X n K there is f 2 C.X/ with
f .x/ D 2 and f .K/ D ¹0º, so that f 2 ŒK;  and x … ŒK; Þ . If K is
compact and 0 <   1, then K  ŒK; Þ , hence ŒK; Þ D K. In addition,
if U is a neighborhood of the origin in Cc .X/, then U Þ is compact. Indeed, if
K is a compact set in X such that ŒK;   U for some  > 0, by the previous
observations U Þ  ŒK; Þ  K and hence U Þ is a closed set of a compact set.
Now for any K compact in X there is some U˛  ŒK; 1, which means that
K D ŒK; 1Þ  U˛Þ . This shows that the family A D ¹U˛Þ W ˛ 2 N N º swallows
all compact sets, so, in particular, it covers X. As in addition U˛Þ  UˇÞ for
˛  ˇ, it follows that A is a compact resolution of X .
Corollary 1. If Cc .X/ has a G-base, then X is K-analytic.
Proof. If Cc .X/ has a G-base, Theorem 2 provides a compact resolution for X.
Hence X is a quasi-Suslin space and [7, Lemma 29] ensures that X is K-analytic.
If b denotes the bounding cardinal, defined as the least cardinality for unbounded subsets of the quasi-ordered space .N N ;  /, where ˛  ˇ if ˛.n/ 
ˇ.n/ for almost all n 2 N, and !1 denotes the first ordinal of uncountable cardinality @1 , the following consequence of Theorem 2 holds.
Corollary 2. The ordinal space Œ0; !1 / has a compact resolution which swallows
all compact sets if and only if @1 D b.
Proof. According to [8, Theorem 3], the space Cc .Œ0; !1 // admits a G-base if and
only if we assume that @1 D b.
Example 1. The converse in Corollary 1 fails in general. Indeed, it is clear that
.Œ0; !1 // D ˇ.Œ0; !1 //, but Cc .Œ0; !1 // has a G-base if and only if @1 D b, see
again [8, Theorem 3].
Theorem 3. If X has a compact resolution which swallows all compact sets, then
Cc .X/ belongs to the class G. Conversely, if Cc .X / belongs to the class G and
in addition X is a W -space, then X has a compact resolution which swallows all
compact sets.
Proof. If X has a compact resolution which swallows all compact sets, we have
seen that the space Cc .X / has a G-base, consequently it belongs to the class
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G. Conversely, if X is a W -space, then Cc .X / is quasibarrelled, see [11, Theorem 10.1.12]. If in addition Cc .X / belongs to the class G, then by [3, Lemma 2]
the space Cc .X/ has a G-base. Hence Theorem 2 applies.
Corollary 3. A metric separable space X is completely metrizable if and only if
Cc .X/ belongs to the class G.
Proof. Because X is a second countable and a W -space (in fact, a -space), Christensen’s afore-mentioned theorem [6, Theorem 3.3] and our Theorem 3 apply.

3

Cc .X / spaces whose compact sets are metrizable

First we note the following fact, which can be deduced from [5, Theorem 3].
Proposition 1. Let X be a web-compact space and let K be a weakly compact set
in Cc .X/, i.e., in the weak topology of Cc .X /. Then K is weakly metrizable if and
only if K is contained in a weakly separable subset of Cc .X/.
The class of web-compact spaces (introduced by Orihuela [10]) includes, for example, spaces with dense -compact subspaces, hence separable spaces and spaces
with dense K-analytic subspaces, and is much larger than the class of spaces admitting a compact resolution swallowing all compact sets. Distinguishing examples of (even nonseparable) K-analytic spaces not admitting compact resolutions
swallowing compact sets can be found in [9]. We propose a nice application of
the former two theorems (cf. Corollary 5), where the most simple examples of X
illustrating this result are separable spaces. First we note
Corollary 4. If X contains a compact resolution swallowing compact sets, then
every precompact set in Cc .X/ is metrizable.
Proof. This follows from Theorems 1 and 3.
Corollary 5 (Cascales–Orihuela). If X contains a dense subspace with a compact
resolution, then every compact set in Cc .X / is metrizable. In particular, if X contains a dense K-analytic subspace, then all compact sets in Cc .X / are metrizable.
Proof. Let Y be a dense subspace of X with a compact resolution and let T W
Cc .X/ ! Cc .Y / be the restriction map defined by Tf D f jY . Clearly, T is a
continuous linear injection. Set Z WD T .C.X// and let  be the locally convex
topology on Z that makes T a linear homeomorphism onto .Z; /. Clearly, the
compact-open topology of C.Y / restricted to Z is weaker than . If p and c
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denote the pointwise and the compact-open topology on C.Y /, respectively, according to the first part of the proof of Theorem 2 there exists a locally convex
topology  on C.Y / such that p jZ   jZ  c jZ   and .C.Y /;  / has a Gbase. Moreover, since .C.Y /; / belongs to the class G we see that .Z; jZ /, as a
subspace of .C.Y /; /, also belongs to the class G.
If P is a compact set of Cc .X /, it is homeomorphic to a compact subset Q
of .Z; /. Since .Z; jZ / is Hausdorff, both topologies jQ and jQ coincide
on Q, so we may apply Theorem 1 to deduce that .Q; jQ / is metrizable. This
implies that Q is metrizable in .Z; / and, consequently, that P is metrizable in
Cc .X/.
Example 2. For Cp .X / the previous corollary does not hold. If X is a nonmetrizable Talagrand compact space, then Cp .X/ is K-analytic and Cp .Cp .X//
contains a non-metrizable compact set.
Corollary 6. Let E be a barrelled lcs space in the class G (for example the .LF /space). If X WD .E 0 ;  .E 0 ; E//, then every precompact set in Cc .X / is metrizable.
Proof. Since E is barrelled in the class G, the space E has a G-basis, say ¹A˛ W
˛ 2 N N º. Hence the polars A0˛ form a .E 0 ; E/-compact resolution in E 0 . If K
is a .E 0 ; E/-compact subset of E 0 , then, by the barrelledness of E, the set K is
equicontinuous, so K 0 is a neighborhood of zero in E. Hence there exists 2 N N
with A  K 0 , which proves that ¹A0˛ W ˛ 2 N N º is a compact resolution in X
swallowing all compact sets. According to Theorem 3 the space Cc .X/ belongs
to the class G and consequently every precompact set in Cc .X/ is metrizable by
Theorem 1.
The proof of the latter proposition uses the fact that Cc .E 0 ;  .E 0 ; E// belongs
to the class G. If we replace .E 0 ; .E 0 ; E// by Cp .X/ with X countably tight, we
have the following.
Corollary 7. If X has countable tightness, then Cc .Cp .X// belongs to the class
G if and only if X is countable and discrete.
Proof. Since X has countable tightness, Cp .X / is realcompact (see [1, Corollary
II.4.17]) and hence a W -space. If Cc .Cp .X // belongs to the class G, then Cp .X/
has a compact resolution which swallows all compact sets by Theorem 3 which,
from Tkachuk’s theorem [9, Theorem 9.14], implies that X is countable and discrete. Conversely, if X is countable and discrete, then Cp .X/ is homeomorphic to
RN . Consequently, Cp .X / has a compact resolution which swallows the compact
sets. Then Cc .Cp .X // belongs to the class G by Theorem 3.
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Question. We do not know whether Corollary 5 is true if we assume that X is a
web-compact space in the sense of Orihuela.
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