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a b s t r a c t
We start the systematic study of Fréchet spaces which are ℵ-spaces in the weak
topology. A topological space X is an ℵ0 -space or an ℵ-space if X has a countable
k-network or a σ-locally ﬁnite k-network, respectively. We are motivated by the
following result of Corson (1966): If the space Cc (X) of continuous real-valued
functions on a Tychonoﬀ space X endowed with the compact-open topology is a
Banach space, then Cc (X) endowed with the weak topology is an ℵ0 -space if and
only if X is countable. We extend Corson’s result as follows: If the space E := Cc (X)
is a Fréchet lcs, then E endowed with its weak topology σ(E, E  ) is an ℵ-space if
and only if (E, σ(E, E  )) is an ℵ0 -space if and only if X is countable. We obtain
a necessary and some suﬃcient conditions on a Fréchet lcs to be an ℵ-space in
the weak topology. We prove that a reﬂexive Fréchet lcs E in the weak topology
σ(E, E  ) is an ℵ-space if and only if (E, σ(E, E  )) is an ℵ0 -space if and only if E
is separable. We show however that the nonseparable Banach space 1 (R) with the
weak topology is an ℵ-space.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction
Topological properties of a locally convex space (lcs for short) E in the weak topology σ(E, E  ) are important and have been intensively studied from many years (see [18,25]). Corson (1961) started a systematic
study of certain topological properties of the weak topology of Banach spaces. This line of research provided
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more general classes such as reﬂexive Banach spaces, weakly compactly generated Banach spaces (WCG
Banach spaces) and the class of weakly K-analytic and weakly K-countably determined Banach spaces. We
refer the reader to [11] and [18] for many references and facts.
Although (E, σ(E, E  )) is never a metrizable space for a separable inﬁnite dimensional normed E, every
σ(E, E  )-compact set is σ(E, E  )-metrizable (see [18, Corollary 4.6] or [11, Proposition 3.29]). Moreover, for
many natural and important classes of separable metrizable lcs E, the space (E, σ(E, E )) is a generalized
metric space of some type (see [2,13,20]). Such types of topological spaces are deﬁned by diﬀerent types of
networks. The concept of network is one of a well recognized good tool, coming from the pure set-topology,
which turned out to be of great importance to study successfully renorming theory in Banach spaces, see
the survey paper [6]; especially [6, Theorem 13] for σ(E, F )-slicely networks.
Following Michael [20], a family N of subsets of a topological space X is called a k-network in X if

whenever K ⊂ U with K compact and U open in X, then K ⊂
F ⊂ U for some ﬁnite F ⊂ N .
A topological space X is said to be an ℵ0 -space if X is regular and has a countable k-network [20]. It is
known that a regular space is an ℵ0 -space if and only if it is a continuous image of a separable metric
space under a compact-covering mapping [20]. Every ℵ0 -space is separable and Lindelöf. It is known that
every Banach space E whose strong dual E  is separable is a weakly ℵ0 -space, i.e. E with the weak topology
σ(E, E  ) is an ℵ0 -space, see [20] and [2] (or [13] for more general facts for Fréchet lcs, i.e. metrizable and
complete lcs).
O’Meara [24] generalized the concept of ℵ0 -spaces as follows: A topological space X is called an ℵ-space
if it is regular and has a σ-locally ﬁnite k-network. Any metrizable space is an ℵ-space and all compact sets
in ℵ-spaces are metrizable. For further results, see [15]. The study of those locally convex spaces E which
are weakly ℵ-spaces (i.e. under the weak topology E has a σ-locally ﬁnite k-network) is begun here for the
important particular case of Fréchet lcs.
If X is a Tychonoﬀ space, Cc (X) (resp. Cp (X)) denotes the space C(X) of all continuous functions on
X endowed with the compact-open (resp. pointwise) topology. It is well known that Cc (X) is metrizable
if and only if X is hemicompact, i.e. X admits a fundamental sequence of compact sets, see [1]. Moreover,
Cc (X) is complete if and only if X is a kR -space, see [25]. Note that Cp (X) is an ℵ-space if and only if X is
countable [27]. Corson proved the following interesting result (∗): If K is compact, the Banach space C(K)
is a weakly ℵ0 -space if and only if K is countable. Corson’s result can be found in Michael’s paper [20] as
Proposition 10.8. Our main result extends Corson’s theorem.
Theorem 1.1. A Fréchet lcs Cc (X) is a weakly ℵ-space if and only if Cc (X) is a weakly ℵ0 -space if and only
if X is countable.
If X is a countable and locally compact space, Theorem 1.1 guarantees that Cc (X) is even a weakly
ℵ0 -space. We note the following question: Is Cc (X) a weakly ℵ-space for any countable Tychonoﬀ space X?
Having in mind that the weak topology of Cc (X) lies between the compact open topology and the pointwise
one, the question is especially interesting for the case X is an ℵ0 -space. Recall that for such X the spaces
Cc (X) and Cp (X) are ℵ0 -spaces by [20], and Cp (X) is even separable and metrizable. In Section 7 we prove
that Cc (X) is a weakly ℵ0 -space for any countable ℵ0 -space X.
Although ℵ-spaces and ℵ0 -spaces are essentially diﬀerent, in the class of Lindelöf spaces they coincide,
see Proposition 5.9 below. Therefore, it is interesting also to describe possible large classes of Fréchet (or
Banach) spaces for which both concepts coincide for the weak topology. We observe that any WCG Banach
space is a weakly ℵ-space if and only if it is a weakly ℵ0 -space (Corollary 5.11). We show that a Banach
space E not containing a copy of 1 is a weakly ℵ-space if and only if it is a weakly ℵ0 -space if and only if the
strong dual E  of E is separable (Corollary 5.6). This extends a corresponding result for the case ℵ0 -spaces
(see [2, §12] and [13]). Consequently, for any 1 < p < ∞ and an uncountable set Γ the (reﬂexive) Banach
space p (Γ) is not a weakly ℵ-space. We show even more: A reﬂexive Fréchet lcs E is a weakly ℵ-space if
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and only if E is a weakly ℵ0 -space if and only if E is separable (Corollary 5.3). These results motivate the
following natural question: Does there exist a nonseparable Banach space E which is an ℵ-space in the weak
topology of E? We answer this question in the aﬃrmative by proving the following theorem.
Theorem 1.2. The Banach space 1 (Γ) is an ℵ-space in the weak topology if and only if the cardinality of Γ
does not exceed the continuum.
So, the nonseparable Banach space 1 (R) endowed with the weak topology is an ℵ-space but is not an
ℵ0 -space. Moreover, the space 1 (R) in the weak topology is not normal, see Proposition 4.7.
2. Some deﬁnitions and known facts
Recall (see [14]) that a family N of subsets of a topological space X is a cs ∗ -network at a point x ∈ X if for
each sequence (xn )n∈N in X converging to x and for each neighborhood Ox of x there is a set N ∈ N such that
x ∈ N ⊂ Ox and the set {n ∈ N : xn ∈ N } is inﬁnite (where N = {1, 2, . . .}); N is a cs ∗ -network in X if N is
a cs ∗ -network at each point x ∈ X. The smallest size |N | of a cs ∗ -network N at x is called the cs ∗ -character
of X at the point x and is denoted by cs ∗χ (X, x). The cardinal cs ∗χ (X) = sup{cs ∗χ (X, x) : x ∈ X} is called
the cs ∗ -character of X. Recall also (see [20]) that a point x in a topological space X is called an r-point if
there is a sequence {Un }n∈N of neighborhoods of x such that if xn ∈ Un , then {xn }n∈N has compact closure;
we call X an r-space if all of its points are r-points. First countable spaces and locally compact spaces are
r-spaces.
Theorem 2.1. (See [23].) A topological space X is metrizable if and only if it is an ℵ-space and an r-space.
A topological space X has the property (α4 ) at a point x ∈ X if for any {xm,n : (m, n) ∈ N × N} ⊂ X
with limn xm,n = x ∈ X, m ∈ N, there exist a sequence (mk )k of distinct natural numbers and a sequence
(nk )k of natural numbers such that limk xmk ,nk = x; X has the property (α4 ) or is an (α4 )-space if it has the
property (α4 ) at each point x ∈ X. Nyikos proved in [21, Theorem 4] that any Fréchet–Urysohn topological
group satisﬁes (α4 ). However there are Fréchet–Urysohn topological spaces which do not have (α4 ) (see for
instance Example 2.4).
Theorem 2.1 combined with additional facts from [3] yields also
Theorem 2.2. An ℵ-space X is metrizable if and only if X is a Fréchet–Urysohn (α4 )-space.
Proof. Clearly, if X is metrizable then it is a Fréchet–Urysohn (α4 )-space. Conversely, let X be a Fréchet–
Urysohn (α4 )-space. Being an ℵ-space, X has countable cs∗ -character (this might be also noticed from the
proof of [27, Corollary 2.18]). Indeed, it immediately follows from the deﬁnitions of k- and cs ∗ -networks
that any closed k-network is a cs ∗ -network. So it is enough to show that any space X with a σ-locally

ﬁnite closed cs ∗ -network D = n∈N Dn has countable cs ∗ -character. Fix x ∈ X. For every n ∈ N
set Tn (x) := {D ∈ Dn : x ∈ D}. Since Dn is locally ﬁnite, the family Tn (x) is ﬁnite. So the family

T (x) := n∈N Tn (x) is countable. We show that T (x) is a countable cs ∗ -network at x. Let xn → x and
U be a neighborhood of x. Since D is a cs ∗ -network, there is k ∈ N and D ∈ Dk such that x ∈ D ⊂ U
and D contains inﬁnitely many elements of {xn }n∈N . As D is closed, it contains x, so D ∈ Tk (x). Now [3,
Proposition 6, Lemma 7] imply that X is ﬁrst countable, hence an r-space. Finally, X is metrizable by
Theorem 2.1. 2
Since every Fréchet–Urysohn topological group satisﬁes property (α4 ) by [21, Theorem 4], we obtain
Corollary 2.3. A topological group G is metrizable if and only if G is a Fréchet–Urysohn ℵ-space.
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Example 2.4. Let V (ℵ0 ) be the Fréchet–Urysohn fan which is, by deﬁnition, the topological space obtained
from countably many copies of pairwise disjoint convergent sequences by identifying their limit points,

endowed with the quotient topology. Speciﬁcally, V (ℵ0 ) = n∈N Sn , where each Sn is homeomorphic to a
convergent sequence with its limit ∞ and Sn ∩ Sm = {∞} whenever n = m. All points of V (ℵ0 ) except ∞
are isolated, while a neighborhood of ∞ is any U ⊂ V (ℵ0 ) such that ∞ ∈ U and Sn \ U is ﬁnite for every n.
It is well-known (and easy to check) that V (ℵ0 ) is a regular Fréchet–Urysohn space.
Note that every compact subset of V (ℵ0 ) has empty intersection with all but ﬁnitely many sets of the
form Sn− = Sn \ {∞}. Indeed, if C ⊂ V (ℵ0 ) is such that the set M = {n ∈ N : C ∩ Sn− = ∅} is inﬁnite then,
choosing xn ∈ C ∩ Sn− for each n ∈ M , we see that the family
V (ℵ0 ) \ {xn : n ∈ M }, S0− , S1− , S2− , . . .
is an open cover of V (ℵ0 ) whose no ﬁnite subfamily covers C, showing that C is not compact.

It follows that the natural map from the topological direct sum n∈N Sn onto V (ℵ0 ) is compact-covering.
So V (ℵ0 ) is an ℵ0 -space. Clearly, V (ℵ0 ) is not metrizable and not an (α4 )-space (and it is not an r-space
by Theorem 2.1).
3. Some necessary conditions for being an ℵ-space
Recall that a topological space X is called a σ-space if X is regular and has a σ-discrete (equivalently,
σ-locally ﬁnite) network. If X is regular and has a countable network, X is called a cosmic space. Clearly
ℵ-spaces and cosmic spaces are σ-spaces. It is well known (see [15]) that any closed subset H of a σ-space


X is a Gδ -set. Indeed, if n∈N Dn is a σ-discrete closed network for X, then the sets An := {D ∈ Dn :

D ∩ H = ∅} are closed in X by [10, 1.1.11]. As H = n∈N (X \ An ), H is a Gδ -set. Consequently, any σ-space
has countable pseudocharacter; we denote ψ(X) = ℵ0 .
Clearly, every separable Banach space with the Schur property is a weakly ℵ0 -space. In Section 4 we
show that 1 (R) is a weakly ℵ-space.
It is well known that the dual space of p (Γ) is q (Γ), where 1/p + 1/q = 1. So, the support of continuous
functionals over p (Γ) must be countable. We use this fact to prove the following
Example 3.1. Let Γ be an inﬁnite set and E := p (Γ) with 1 < p < ∞. Then ψ(Ew ) ≥ |Γ|, where
Ew := (E, σ(E, E  )). Hence p (Γ) are not weakly σ-spaces for every uncountable Γ.
Proof. If Γ is countable the assertion is clear. Suppose that Γ is uncountable. Let U = {Ui }i∈I be a family

of weakly open neighborhoods of 0 such that i∈I Ui = {0} and |I| = ψ(Ew ). We may assume that each Ui
has the following standard form
Ui = {x ∈ E : |χi,k (x)| < δi , where χi,k ∈ E  for 1 ≤ k ≤ mi }.
Suppose, for a contradiction, that |I| < |Γ|. Denote by J the set of all indices j ∈ I such that the j-coordinate
is nonzero for some χi,k . So |J| = |N| ×|N| ×|I| < |Γ|. Hence we can ﬁnd an index γ0 ∈ Γ \J. Set x0 = (rγ )γ∈Γ ,
where rγ = 1 if γ = γ0 , and rγ = 0 otherwise. Clearly, x0 ∈ E and χi,k (x0 ) = 0 for all i ∈ I and every
1 ≤ k ≤ mi , which contradicts the choice of the family U. Thus |I| ≥ |Γ|. 2
We provide a necessary condition for any lcs to be a weakly ℵ-space. First we prove the following useful
observation.
Lemma 3.2. Let E be a non-trivial lcs. Then Ew := (E, σ(E, E  )) has countable pseudocharacter if and only
if Ew admits a weaker separable metrizable lcs topology. In particular, |E| = c provided Ew has countable
pseudocharacter.
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Un = {0}, where the open sets Un have

Un = {x ∈ E : |χi,n (x)| < δn , where χi,n ∈ E  for 1 ≤ i ≤ kn }.
Let {χn }n∈N be an enumeration of the family {χi,n : 1 ≤ i ≤ kn , n ∈ N}. Then
implies that the following map
p : Ew →



E/ ker(χn ) = RN ,


n∈N

ker(χn ) = {0}. This

p(x) = (χn (x))n∈N ,

n∈N

is continuous and injective, and hence |E| = c as E is non-trivial. Now the topology induced on Ew from
RN is as desired. The converse assertion is trivial. 2
The next fact is well known but hard to locate.
Lemma 3.3. An lcs E admits a metrizable and separable locally convex topology τ weaker than σ(E, E  ) if
and only if (E  , σ(E  , E)) is separable.
Lemmas 3.2 and 3.3 imply the following necessary conditions on lcs E to be a weakly ℵ-space; Proposition 5.2(i) is a partial converse.
Proposition 3.4. If E is a non-trivial lcs which is a weakly σ-space, then
(i) (E, σ(E, E  )) admits a weaker separable metrizable lcs topology;
(ii) ψ(E, σ(E, E  )) = ℵ0 and |E| = c;
(iii) (E  , σ(E  , E)) is separable.
Note that the space ∞ satisﬁes above conditions (i)–(iii), although it is not a weakly ℵ-space (see
Corollary 6.7 below).
R) is an ℵ-space in the weak topology
4. 1 (R
In this section we prove Theorem 1.2 which states that the Banach space 1 (Γ) is an ℵ-space in the weak
topology if and only if the cardinality of Γ does not exceed the continuum. In particular, the space 1 (R) is
a weakly ℵ-space. Clearly, the “only if” part of the theorem follows from Proposition 3.4 because the space
1 (Γ) with the weak topology does not have countable pseudocharacter whenever |Γ| > 2ℵ0 . The remaining
part of this section is devoted to the proof of the “if” part. It is clear that if the cardinality of the set Γ1 is
less than or equal to the cardinality of the set Γ2 then 1 (Γ1 ) embeds into 1 (Γ2 ), therefore it is enough to
consider the case when Γ has the continuum cardinality.
We shall work with the space 1 (2ω ), where 2ω denotes the Cantor set, treated just as an index set (recall
that the space 1 (S) does not depend on any extra structure of the set S).
We shall use some ideas from [19] (especially from the proof of Lemma 2.3.1 in [19]). Given a Banach
space E, we shall denote by BE and SE the closed unit ball and the unit sphere of E, respectively.
Lemma 4.1. The unit sphere S∞ (2ω ) is weak∗ separable.
Proof. Let P be the family of all (necessarily ﬁnite) partitions of the Cantor set into ﬁnitely many open
sets. As 2ω is zero-dimensional, for every ﬁnite set F ⊂ 2ω there is P ∈ P such that P = {Ux : x ∈ F } and
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x ∈ Ux for every x ∈ F . Obviously, the family P is countable, because the Cantor set has only countably
many sets that are open and closed simultaneously. Deﬁne

D=




qU χU ∈ S∞ (2ω ) : P ∈ P, {qU : U ∈ P } ⊂ Q ,

U ∈P

where χA denotes the characteristic function of a set A. Obviously, D is countable. We claim that it is weak ∗
dense in S∞ (2ω ) .
In fact, given x1 , . . . , xk ∈ 1 (2ω ) and ε > 0, a basic weak ∗ neighborhood of y ∈ S∞ (2ω ) is of the form
V = {v ∈ S∞ (2ω ) : |v(xi ) − y(xi )| < ε for i = 1, 2, . . . , k}.
Fix δ > 0 and let F ⊂ 2ω be a ﬁnite set such that
xi −



|xi (t)| =



|xi (t)| < δ

(4.1)

t∈F
/

t∈F

for every i = 1, 2, . . . , k. Take a partition P ∈ P such that U ∩ F is either empty or a singleton, whenever
U ∈ P, and there is U ∈ P such that U ∩ F = ∅. For every t ∈ F and each U ∈ P containing t ∈ U take
qU ∈ [−1, 1] ∩ Q such that |qU − y(t)| < δ, and set qU = 1 for every U ∈ P such that U ∩ F = ∅. Set
w = U ∈P qU χU . Then w ∈ D. We show that w ∈ V for δ small enough. Indeed, for every i = 1, 2, . . . , k,
the inequality (4.1) and the construction of w imply
|w(xi ) − y(xi )| ≤



|w(t)xi (t) − y(t)xi (t)| +

t∈F

<δ·



t∈F

|xi (t)| +





|w(t)xi (t) − y(t)xi (t)|

t∈F
/

2|xi (t)| < δ( xi + 2).

t∈F
/

Now it is clear that if δ is small enough then w ∈ V . Thus S∞ (2ω ) is weak ∗ separable. 2
Lemma 4.2. Let E be a Banach space such that (SE  , weak ∗ ) is separable. Then for every r > 0 there exists
a countable family F of weakly closed subsets of E contained in
E \ rBE = {x ∈ E : x > r}
and such that
E \ rBE =

intw (F ),
F ∈F

where intw denotes the interior with respect to the weak topology.
Proof. Let D be a countable weak ∗ dense subset of SE  . Given ϕ ∈ D, n ∈ N, deﬁne
Fϕ,n = {x ∈ E : ϕ(x) ≥ r + 1/n}.
Then F = {Fϕ,n : ϕ ∈ D, n ∈ N} is the required family. 2
Lemma 4.3. Let 0 < ε < r and let
M (r, ε) = {x ∈ 1 (2ω ) : r − ε < x ≤ r}.
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Then for every x ∈ M (r, ε) there exists a weakly (in fact, pointwise) open set V ⊂ 1 (2ω ) such that x ∈ V
and diam(V ∩ M (r, ε)) ≤ 4ε.
Proof. Given A ⊂ 2ω , denote by pA the canonical projection from 1 (2ω ) onto 1 (A), that is, pA (v) = v  A.
Fix x ∈ M (r, ε). There exists a ﬁnite set F ⊂ 2ω such that pF (x) > r − ε. Choose an open set U ⊂ 1 (F )
such that u > r − ε and u − pF (x) < ε for every u ∈ U . Let V = p−1
F (U ). We claim that V is as required.
Obviously, x ∈ V and V is pointwise (in particular, weakly) open. Fix y1 , y2 ∈ V ∩M (r, ε). Let A = 2ω \F .
Note that the 1 -norm has the property that
v = pF (v) + pA (v)
for every v ∈ 1 (2ω ). In particular, pA (yi ) ≤ ε, because pF (yi ) > r − ε and yi ≤ r for i = 1, 2. Using
these facts we get
y1 − y2 = pF (y1 ) − pF (y2 ) + pA (y1 ) − pA (y2 )
≤ pF (y1 ) − pF (x) + pF (x) − pF (y2 ) + pA (y1 ) + pA (y2 )
≤ 4ε.
It follows that diam(V ∩ M (r, ε)) ≤ 4ε. 2
The next statement is rather standard; it has been used implicitly, e.g., in [19].

Lemma 4.4. Let X be a metric space. Then there exists an open base B in X such that B = n∈N Bn and
each Bn is uniformly discrete, that is, for every n there is εn > 0 such that the distance of any two distinct
members of Bn is > εn .
Proof. A theorem of Stone says that every open cover of a metric space X admits a σ-discrete open
reﬁnement. The proof (see, e.g., [10, Proof of Theorem 4.4.1]) actually shows that every open cover of X has


an open reﬁnement of the form U = n∈N Un , where each Un is uniformly discrete. Now let B = n∈N Wn
be such that Wn is an open reﬁnement of a cover by balls of radius 1/n and Wn is a countable union of
uniformly discrete families. Then B is easily seen to be an open base. 2
Remark 4.5. The proof of Theorem 1.2 uses the well known fact stating that the space 1 (Γ) has the Schur
property (that is any convergent sequence in the weak topology is also a convergent sequence in the norm
topology) for every set Γ, see [11]. This implies that any weakly compact set of 1 (Γ) is also norm compact.

Proof of Theorem 1.2. Let B = n∈N Bn be a base of open sets for the norm topology on 1 (2ω ) such that
the distance between every two distinct members of Bn is > 1/kn for every n ∈ N (here we have used
Lemma 4.4).
Given r > 0, deﬁne
Ur = 1 (2ω ) \ rB1 (2ω ) .
Let Fr be a countable family of weakly closed subsets of Ur such that
Let Fr = {Frm }m∈N .
Given n, m, i ∈ N, deﬁne
L(i, n) := M

i+2 1
,
10kn 5kn

=


F ∈Fr

intw F = Ur (Lemma 4.2).

i
i+2
x ∈ 1 (2 ) :
< x ≤
10kn
10kn
ω
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and
m
C(n, m, i) = {B ∩ Fi/10k
∩ L(i, n) : B ∈ Bn }.
n

Claim 4.6. For every n, m, i ∈ N, the family C(n, m, i) is discrete in the weak topology.
Proof. Note that the union of C(n, m, i) is contained in the weakly closed set
m
Fi/10k
∩ ((i + 2)/10kn )B1 (2ω ) ,
n

therefore it is enough to show that every point of this set has a weak neighborhood meeting at most one
set from C(n, m, i).
m
Fix x ∈ Fi/10k
∩ ((i + 2)/10kn )B1 (2ω ) ⊂ L(i, n). By Lemma 4.3, there exists a weakly open set V such
n
that x ∈ V and


diam V ∩ L(i, n) ≤ 4/5kn < 1/kn .
The set V can intersect at most one B ∈ Bn , as Bn is 1/kn -discrete.

2

Let O(r) = {x ∈ 1 (2ω ) : x < r} and deﬁne
D(n) = {B ∩ O(1/5kn ) : B ∈ Bn }.
Note that actually D(n) contains at most one nonempty set (because 2/5kn < 1/kn ), therefore it is certainly
discrete in the weak topology.
Deﬁne
A=

{C(n, m, i) : n, m, i ∈ N} ∪ {D(n) : n ∈ N}.

Then the family A is σ-discrete with respect to the weak topology. It remains to show that A is a
k-network in 1 (2ω ) with the weak topology.
Fix a weakly compact set K contained in a weakly open set U ⊂ 1 (2ω ). It follows from Remark 4.5 that

K is also compact in the norm topology. Choose a ﬁnite E ⊂ B such that K ⊂ E ⊂ U . Choose n0 such
n0
that E ⊂ n=1
Bn .


For i, n ∈ N, let N (i, n) := int L(i, n) . Note that, for each n ∈ N, the space 1 (2ω ) is covered by
O(1/5kn ) and the sets N (i, n), i ∈ N. Given B ∈ Bn , by Lemma 4.2 we have that
B=



m
)
∩
N
(i,
n)
:
m,
i
∈
N
∪ (B ∩ O(1/5kn )).
B ∩ intw (Fi/10k
n

Therefore the family


m
) ∩ N (i, n) : B ∈ Bn ∩ E, m, i ∈ N ∪ {B ∩ O(1/5kn ) : B ∈ Bn ∩ E})
B ∩ intw (Fi/10k
n
n≤n0

covers K and consists of norm open sets, so it has a ﬁnite subfamily covering K. Hence, for any n ≤ n0 , we
can ﬁnd i0 (n) and m0 (n) such that the ﬁnite subfamily



m
B ∩ Fi/10k
∩ L(i, n) : B ∈ Bn ∩ E, m ≤ m0 (n), i ≤ i0 (n) ∪ {B ∩ O(1/5kn ) : B ∈ Bn ∩ E}
n

F :=
n≤n0

of A satisﬁes K ⊂
weak topology. 2



F⊂



E ⊂ U . Thus the σ-locally ﬁnite family A is also a k-network for 1 (2ω ) in the
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Proposition 4.7. The space 1 (R) endowed with the weak topology is not normal.
Proof. Suppose for a contradiction that 1 (R) with the weak topology is a normal space. Then the square
21 (R) of 1 (R) with the weak topology ω is also normal (note that 21 (R) and 1 (R) endowed with the weak
topologies are homeomorphic). Now Corson’s lemma [7, Lemma 7] applies to derive that every ω-discrete
set in 1 (R) is countable, which clearly leads to a contradiction. 2
Remark 4.8. Recall that Foged in [12] constructed already a non-normal space which is an ℵ-space. Our
example of such a space seems to be however very natural and uses a well known Banach space 1(R). Also
O’Meara [22] gave an example (unpublished) of an ℵ-space which is not paracompact. The authors thank
Professor Gary Gruenhage for providing references included in the above remark.
Notice also that the proof of Theorem 1.2 essentially uses the fact that 1 (R) has the Schur property (see
Remark 4.5). Therefore it is natural to ask:
Question 4.9. Let E be a Banach space with the Schur property and satisfy (i)–(iii) of Proposition 3.4. Is
E an ℵ-space in the weak topology?
Taking into account Remark 4.5, every separable Banach space with the Schur property in the weak
topology is an ℵ0 -space.
5. Interplay between weakly ℵ and weakly ℵ0 -Fréchet spaces
Recall that an lcs E is called trans-separable if for each neighborhood of zero U in E there exists a
countable subset N of E such that E = N + U . Clearly for metrizable lcs trans-separability and separability
are equivalent concepts.
Lemma 5.1. (See [18, Corollary 6.8].) The strong dual of an lcs E is trans-separable if and only if every
bounded set in E is metrizable in the weak topology of E.
Recall that a Fréchet lcs E satisﬁes the density condition if every bounded set in E  (with the strong
topology) is metrizable (cf. [18, Proposition 6.16]). The class of such spaces includes Fréchet–Montel locally
convex spaces and quasinormable Fréchet locally convex spaces. The latter class contains all Banach spaces,
as well as every (FS)-space (see [5]). In [13] we proved the following
Proposition 5.2. (See [13].) Let E be a Fréchet lcs and E  be its strong dual. Then:
(i) If E  is separable, then E is a weakly ℵ0 -space.
(ii) If E is a weakly ℵ0 -space not containing a copy of 1 , then E  is trans-separable.
(iii) If E is a weakly ℵ0 -space, then E  is trans-separable if and only if every bounded set in E is Fréchet–
Urysohn in the weak topology of E.
(iv) If E satisﬁes the density condition and does not contain a copy of 1 , then E is a weakly ℵ0 -space if
and only if E  is separable.
(v) If E does not contain a copy of 1 , then every bounded set in E is Fréchet–Urysohn in σ(E, E  ).
Corollary 5.3. A reﬂexive Fréchet lcs E is a weakly ℵ-space if and only if E is separable (if and only if E is
a weakly ℵ0 -space).
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Proof. As E is reﬂexive, (E  , σ(E  , E)) is separable if and only if (E  , β(E  , E)) is separable. Assume that
E is a weakly ℵ-space. Then (E  , σ(E  , E)) is separable by Proposition 3.4, so (E  , β(E  , E)) is separable.
By Proposition 5.2(i) the space E is a weakly ℵ0 -space. In particular, E is separable. Conversely, if E is
separable then (E  , σ(E  , E)) is separable and Proposition 5.2(i) applies. 2
Since every nuclear Fréchet space is a separable reﬂexive space, see [5], we have
Corollary 5.4. Every nuclear Fréchet space is a weakly ℵ0 -space.
We apply Theorem 2.2 to extend parts (ii) and (iii) of Proposition 5.2.
Theorem 5.5. Let E be an lcs which is a weakly ℵ-space. Then the strong dual E  of E is trans-separable
if and only if every bounded set in E is Fréchet–Urysohn in the weak topology of E. If in addition E is a
Fréchet lcs not containing a copy of 1 , then E  is trans-separable.
Proof. If E  is trans-separable, then every bounded set in E is metrizable in σ(E, E  ) by Lemma 5.1.
Conversely, if every bounded set in E is Fréchet–Urysohn in σ(E, E  ), apply [13, Lemma 3.2] to see that
every bounded set B in E is a Fréchet–Urysohn (α4 )-space in σ(E, E  ). As a subspace of the ℵ-space
(E, σ(E, E  )), B is also an ℵ-space. By Theorem 2.2, B is metrizable. Finally, Lemma 5.1 applies to get the
trans-separability of E  . The last assertion follows from the ﬁrst one and Proposition 5.2(v). 2
As the strong dual of a Banach space is normed, this theorem combined with Proposition 5.2 yield the
following
Corollary 5.6. Let E be a Banach space not containing a copy of 1 . Then E is a weakly ℵ-space if and only
if E is a weakly ℵ0 -space if and only if its strong dual E  is separable.
Any reﬂexive Fréchet lcs E does not contain a copy of 1 , but E may not satisfy the density condition [4].
The following result generalizes (iv) of Proposition 5.2.
Theorem 5.7. Let E be a Fréchet lcs not containing a copy of 1 and satisfying the density condition. Then
E is a weakly ℵ-space if and only if E is a weakly ℵ0 -space if and only if the strong dual of E  of E is
separable.
Proof. Clearly, the strong dual E  is a (DF )-space, see [25, Theorem 8.3.9], with a fundamental sequence
(Qn )n of absolutely convex bounded subsets of E  . Since E satisﬁes the density condition, every bounded
set Qn is metrizable by [5, Corollary 3]. Assume now that E is a weakly ℵ-space. By Theorem 5.5 the strong
dual E  is trans-separable. So the trans-separable lcs E  is covered by a sequence of metrizable bounded
absolutely convex sets (Qn )n . Now Corollary 4.12 of [13] implies that E  is separable. As E  is separable,
then E is a weakly ℵ0 -space by Proposition 5.2(i). Finally, if E is a weakly ℵ0 -space it is also a weakly
ℵ-space. 2
Since every Fréchet lcs Cc (X) satisﬁes the density condition (see [26] or [5]), we apply Theorem 5.7 to
get
Corollary 5.8. Let E := Cc (X) be a Fréchet lcs not containing a copy of 1 . Then E is a weakly ℵ-space if
and only if E is a weakly ℵ0 -space if and only if the strong dual E  of E is separable.
We need the following useful fact, see also [24] for (ii).
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Proposition 5.9. Let X be a topological space.
(i) X is a cosmic space if and only if X is a Lindelöf σ-space.
(ii) X is an ℵ0 -space if and only if X is a Lindelöf ℵ-space.
Proof. Assume that X is a Lindelöf σ-space (respectively, an ℵ-space) with a σ-locally ﬁnite network

(respectively, k-network) D = n∈N Dn . It is enough to prove that every Dn is countable. For every x ∈ X
choose an open neighborhood Ux of x such that Ux intersects with a ﬁnite subfamily T (x) of Dn . Since X

is a Lindelöf space, we can ﬁnd a countable set {xk }k∈N in X such that X = k∈N Uxk . Hence any D ∈ Dn

intersects with some Uxk and therefore D ∈ T (xk ). Thus Dn = k∈N T (xk ) is countable.
Conversely, if X is a cosmic (respectively, an ℵ0 -space), then X is Lindelöf (see [20]) and it is trivially a
σ-space (respectively, an ℵ-space). 2
Corollary 5.10. Let E be a Lindelöf (in particular, separable metrizable) lcs. Then E is a weakly ℵ-space if
and only if E is a weakly ℵ0 -space.
Since every WCG Banach space is Lindelöf in its weak topology by Preiss–Talagrand’s theorem (see [11,
Theorem 12.35]), we note also
Corollary 5.11. Every WCG Banach space is a weakly ℵ-space if and only if it is a weakly ℵ0 -space.
As Cc (X) is Lindelöf for any ℵ0 -space X by [20, Proposition 10.3], we obtain
Corollary 5.12. Let X be an ℵ0 -space. Then Cc (X) is a weakly ℵ-space if and only it is a weakly ℵ0 -space.
6. Proof of Theorem 1.1
We need the following lemmas.
Lemma 6.1. Let X be a completely regular space containing a non-scattered compact subset K. Then Cc(X)
is not a weakly ℵ-space.
Proof. Suppose for a contradiction that Cc (X) is a weakly ℵ-space. As K is not scattered, there exists a
continuous map f from K onto the interval [0, 1] (see [28, Theorem 8.5.4]). In particular, every compact
subset of [0, 1] is the image f (L) for some compact set L in X. By the Tietze–Urysohn theorem (which
holds for compact subsets of completely regular spaces, knowing that they have normal compactiﬁcations),
f has an extension f˜ : X → [0, 1]. Clearly, f˜ is also compact-covering, therefore the adjoint map h → h ◦ f˜
is an embedding of C[0, 1] into Cc (X). Finally, if C[0, 1] were an ℵ-space in the weak topology, then by
Corollary 5.12 it would be an ℵ0 -space, which leads to a contradiction with the following result of Corson
(see [20, Proposition 10.8]): A space of the form C(K) with K compact is an ℵ0 -space in the weak topology
if and only if K is countable. 2
For example, as X = NN has a non-scattered compact subset, the space Cc (X) is an ℵ0 -space [20], but
Cc (X) is not a weakly ℵ0 -space by Lemma 6.1. Observe that the condition on X to have only scattered
(even countable) compact subsets is not enough for Cc (X) to be a weakly ℵ-space. This follows from the
following
Lemma 6.2. Let X be a Tychonoﬀ space such that each compact subset of X is countable. If Cc (X) is a
weakly ℵ-space, then X is separable. In particular, the space Cc [0, ω1 ) is not a weakly ℵ-space.
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Proof. By Proposition 3.4, there is a sequence {Kn }n∈N of (countable) compact subsets of X and a sequence
{δn }n∈N of positive numbers such that


{f ∈ Cc (X) : f (Kn ) ⊆ [−δn , δn ]} = {0}.

(6.1)

n∈N

Set A := ∪n∈N Kn . Then A is countable. We show that A is dense in X. Indeed, if X \ clX (A) = ∅, we can
ﬁnd h = 0 such that h(clX (A)) = {0}; this contradicts (6.1). The last assertion follows from the fact that
[0, ω1 ) is a non-separable locally compact normal space (see [10, 3.1.27]). 2
Lemma 6.3. Let X be a completely regular space. Then the following assertions are equivalent:
(i) X contains a non-scattered compact subset.
(ii) Cc (X) contains a copy of 1 .
(iii) Cc (X) contains a separable Banach space B with non-separable dual.
So, every compact subset of X is scattered if and only if Cc (X) does not contain a copy of 1 .
Proof. (i) ⇒ (ii). Assume that X contains a non-scattered compact set K. As it was shown in the proof of
Lemma 6.1, the space C[0, 1] embeds into Cc (X). It remains to note that C[0, 1] contains 1 .
(ii) ⇒ (iii) is trivial. Let us prove that (iii) ⇒ (i). Suppose for a contradiction that every compact subset
of X is scattered. Denote by K the set of all compact subsets of X. Then Cc (X) can be treated as a subspace

of the product E := K∈K Cc (K). Then, by [8, Theorem 4.1 and the ﬁrst claim of the proof], the space B
is embedded in the ﬁnite product Fk := C(Ki1 ) × · · · × C(Kik ) for some k ∈ N. On the other hand, since
Fk = C(Ki1 ⊕ · · · ⊕ Kik ) and the topological direct sum K := Ki1 ⊕ · · · ⊕ Kik is compact and scattered,
Fk is Asplund by [11, Theorem 12.29] (i.e. every separable subspace of C(K) has separable dual). Thus Fk
does not contain B, a contradiction. 2
We recall that the countable product of ℵ0 -spaces is an ℵ0 -space (see [20]). Now we are ready to prove
the main theorem.
Proof of Theorem 1.1. Let (Kn )n be a fundamental sequence of compact sets in X. Then Cc (X) is embedded

in the product n C(Kn ).
If X is countable, each space Kn is metrizable and scattered, so Cc (X) is a weakly ℵ0 -space by Proposition 5.2(i). Thus Cc (X) is a weakly ℵ-space.
Assume that Cc (X) is a weakly ℵ-space. By Lemma 6.1, Kn is scattered for every n ∈ N. We apply
Lemma 6.3 to derive that Cc (X) does not contain a copy of 1 . Now Corollary 5.8 says that Cc (X) is a
weakly ℵ0 -space.
Assume now that Cc (X) is a weakly ℵ0 -space. Lemma 6.1 shows that every compact subset of X is
scattered. Since Cc (X) is separable, X admits a weaker metrizable topology; so all sets Kn are metrizable
and scattered. Thus each Kn is countable and so is the whole space X. 2
Theorem 1.1 combined with [19] provides concrete Banach spaces C(K) which under the weak topology
are σ-spaces but is not ℵ-spaces.
Corollary 6.4. Let K be an uncountable separable compact space. If K is
(1) a linearly ordered space, or
(2) a dyadic space,
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then C(K) endowed with the weak topology is a σ-space but not an ℵ-space. If additionally K is metrizable,
then C(K) endowed with the weak topology is a cosmic space but is not an ℵ-space.
Proof. For both cases, by Theorem 1.1, the space C(K) with the weak topology is not an ℵ-space.
(1): Let K be a compact space as assumed. By [19, Theorem 5.5] the space (C(K), τp ) is a σ-space,
where τp is the pointwise topology on C(K). Moreover, by Lemma 5.4 and Lemma 2.3.1 of [19] the space
C(K) admits a σ-discrete collection in (C(K), τp ) which is a network in C(K). Hence C(K) with the weak
topology is a σ-space.
ω
(2): By [19, Lemma 2.3.1 and Lemma 5.10] there exists a σ-discrete family in (C(22 ), τp ) which is a
ω
ω
network in C(22 ). Hence the space C(22 ) endowed with the weak topology is a σ-space. Since K is a
ω
ω
continuous image of 22 , the space C(K) embeds into C(22 ) for the weak topology. This proves the general
case.
Assume now that K is metrizable. Then C(K) is a Polish space. So C(K) endowed with the weak
topology is a cosmic space by [20] but is not an ℵ-space by Theorem 1.1. 2
Remark 6.5. Let K be a compact space. Then C(K) is weakly cosmic if and only if C(K) is separable if
and only if K is metrizable. So, if K satisﬁes (1) or (2) of Corollary 6.4 but is not metrizable (for example,
if K is the Bohr compactiﬁcation of a countably inﬁnite abelian group; in this case K satisﬁes (2) but is
not metrizable) we obtain a non-trivial example of Banach spaces B such that (B, σ(B, B  )) is a σ-space
but (B, σ(B, B  )) is neither cosmic nor an ℵ-space.
Corollary 6.6. Let X be a locally compact and paracompact space. Then Cc (X) is a weakly ℵ-space if and
only if X is countable.
Proof. By the assumption on X, there exists a family {Xt : t ∈ T } of locally compact and σ-compact spaces


such that X := t∈T Xt , see [10, 5.1.27]. So Cc (X) = t∈T Cc (Xt ) and each Cc (Xt ) is a Fréchet space.
Assume that Cc (X) is a weakly ℵ-space. Then Cc (Xt ) is a weakly ℵ-space and hence Xt is countable by
Theorem 1.1 for every t ∈ T . As any compact subset of Cc (X) is metrizable by Proposition 3.4(i), the set T
is countable. Thus X is countable. Conversely, if X is countable, Cc (X) is a Fréchet space and Theorem 1.1
applies. 2
Since ∞ = C(βN), Theorem 1.1 provides
Corollary 6.7. A Banach space containing a copy of ∞ is not a weakly ℵ-space.
Corollary 6.8. Let X be a locally compact Hausdorﬀ space. Then the Banach space C0 (X) of continuous
functions on X vanishing at inﬁnity is a weakly ℵ-space if and only if X is countable.
Proof. Let K be the one-point compactiﬁcation of X. Then C(K) = C0 (X) ⊕ R, therefore Theorem 1.1
applies. 2
Question 6.9. Let X be a Tychonoﬀ space. Is it true that X is countable provided that Cc (X) is a weakly
ℵ-space?
7. Cc (X) over a countable ℵ0 -space X for the weak topology
This section is motivated by the previous one, especially by Question 6.9. Let μ be a (σ-additive realvalued regular) measure on a Tychonoﬀ space X. The variation and the norm of μ are denoted by |μ| and
μ respectively. We shall use the following well known fact (see for example [17, 7.6.5]).
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Fact 7.1. Let X be a Tychonoﬀ space. Then:
(i) (Cc (X)) can be identiﬁed with the space of all measures on X with compact support.
(ii) (Cp (X)) can be identiﬁed with the space of measures with ﬁnite support in X.
If X is a countable ℵ0 -space, the space C(X) is an ℵ0 -space both in the compact-open and the pointwise
topology (see [20]). The next theorem shows that the same holds also for the weak topology on Cc (X).
Theorem 7.2. If X is a countable ℵ0 -space, then Cc (X) is a weakly ℵ0 -space.
Proof. Set E := Cc (X) and let Ew be the space Cc (X) endowed with the weak topology. Let D be a
countable closed k-network in X closed under taking ﬁnite unions, and let B be a countable basis in R. For
every ﬁnite subset F = {x1 , . . . , xn } of X, every ﬁnite subfamily
U = {U1 , . . . , Un }
of B, each D ∈ D and every m ∈ N, set
A(F, U, D, m) := {f ∈ C(X) : f (xi ) ∈ Ui , 1 ≤ i ≤ n, and f (D) ⊂ [−m, m]}.

(7.1)

Denote by A the countable family of all subsets of E of the form (7.1). By [16, Theorem 1], in order to
prove the theorem it is enough to show that the family A satisﬁes the following claim.
Claim 7.3. For every f0 ∈ E, for every sequence {fn }n∈N converging to f0 in Ew and any neighborhood W
of f0 in Ew , there exists A ∈ A such that f0 ∈ A ⊂ W and fn ∈ A for almost all n ∈ N.
Without loss of generality we may assume that W is of the standard form, i.e. there are measures
μ1 , . . . , μs ∈ E  and ε > 0 such that
W = {f ∈ E : |μi (f − f0 )| < ε, 1 ≤ i ≤ s}.
s
Set K := i=1 supp(μi ). So K is a compact subset of X by Fact 7.1(i).
n
Let {Dn }n∈N be an enumeration of the family {D ∈ D : K ⊆ D }. For every n ∈ N, set Dn := i=1 Di .
It follows that the decreasing sequence of sets {Dn }n∈N converges to the compact set K in the sense that
each neighborhood O(K) of K contains all but ﬁnitely many sets Dn .
Step 1. Let us show that there are k, m ∈ N such that
|fi (x)| < m,

∀x ∈ Dm , ∀i ≥ k.

(7.2)

Indeed, assuming the converse we choose a sequence {xn }n∈N , with xn ∈ Dn for every n ∈ N, and a sequence
i1 < i2 < · · · such that
|fin (xn )| > n,

∀n ∈ N.

(7.3)

Since {Dn }n∈N converges to the compact set K, all accumulation points of the sequence {xn }n∈N are in K.
In other words, the set
K  := K ∪ {xn }n∈N
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is compact. As the restriction map f → f |K  is continuous, we obtain that the sequence S := {fin |K  }n∈N
in the Banach space C(K  ) converges to f0 |K  in the weak topology of C(K  ). Thus S is bounded, that is
there is C > 0 such that
|fin (x)| < C,

∀x ∈ K  , ∀n ∈ N.

In particular, |fin (xn )| < C for every n ∈ N, that contradicts (7.3). This proves (7.2).
Step 2. Fix k, m ∈ N such that (7.2) holds. For every 1 ≤ i ≤ s take a ﬁnite subset Fi of supp(μi ) such
that
|μi | (supp(μi ) \ Fi ) <

ε
,
3m

(7.4)

and for every xi,j ∈ Fi choose Ui,j ∈ B such that
f0 (xi,j ) ∈ Ui,j

and

diam(Ui,j ) <

ε
.
3|Fi | · μi

(7.5)

If xi,j = xk,l for some 1 ≤ i < k ≤ s, we shall suppose that Ui,j = Uk,l . Finally we set
A := {f ∈ C(X) : f (xi,j ) ∈ Ui,j , xi,j ∈ Fi , 1 ≤ i ≤ s; f (Dm ) ⊂ [−m, m]}.
Clearly, A ∈ A. For each f ∈ A and every 1 ≤ i ≤ s, (7.4) and (7.5) imply
|μi (f − f0 )| ≤



|f (xi,j ) − f0 (xi,j )| · μi

xi,j ∈Fi

+



|f (xi,j ) − f0 (xi,j )| · |μi ({xi,j })|

xi,j ∈supp(μi )\Fi

< |Fi | ·

ε
ε
· μi + 2m ·
= ε.
3|Fi | · μi
3m

Thus A ⊂ W0 , and (7.2) shows that fi (Dm ) ⊂ [−m, m] for every i ≥ k. Since fn → f0 also in the pointwise
topology, we obtain that fn ∈ A for all suﬃciently large n ∈ N. This proves Claim 7.3 and hence also the
theorem. 2
Consequently, the space Cc (X) is a weakly ℵ0 -space for any metrizable and countable space X. We end
this section with the following conjecture.
Conjecture 7.4. Let X be a Tychonoﬀ space. Then Cc (X) is a weakly ℵ-space if and only if Cc (X) is a
weakly ℵ0 -space if and only if X is a countable ℵ0 -space.
8. One application
Let E be a separable Banach space and S its closed unit ball endowed with the weak topology of E.
In [9, Theorem A] Edgar and Wheeler proved that S is completely metrizable if and only if S is a Polish
space if and only if S is metrizable and every closed subset of S is a Baire space. We supplement this result.
For this purpose we introduce a property which by [20, Theorem 11.4] is stronger than being an ℵ0 -space.
We say that a topological space X is an ℵ1 -space if X is a continuous image under a compact-covering map
from a Polish space Y . Every closed subspace of an ℵ1 -space is also an ℵ1 -space.
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Proposition 8.1. Let E be a separable Banach space.
(i) If E does not contain a copy of 1 , then the closed unit ball S of E is a Polish space in the weak topology
of E if and only if E is a weakly ℵ1 -space.
(ii) If E contains a copy of c0 , then E is not a weakly ℵ1 -space.
Proof. (i) We denote by Sw the closed unit ball S endowed with the weak topology. Assume that Sw is

a Polish space. For each n ∈ N set Sn := nSw and let Y := n Sn be the topological direct sum of the
sequence (Sn )n of Polish spaces. Denote by T the canonical mapping from Y onto Ew := (E, σ(E, E  )).
Since every compact set of Ew is contained in some Sm , the map T is continuous and compact-covering.
Conversely, assume that E is a weakly ℵ1 -space and T : Y → Ew is a continuous compact-covering map.
Denote by B(x, r) the closed ball in Y of radius r centered at x. For a countable dense sequence (xj )j∈N in
∞ nk
Y and each α = (nk ) ∈ NN , set Kα := k=1 j=1
B(xj , k−1 ). Then {Kα : α ∈ NN } is a family of compact
sets in Y covering Y with Kα ⊂ Kβ whenever α ≤ β, and such that every compact set in Y is contained
in some Kα . Set Wα := T (Kα ) for each α ∈ NN . Since T is compact-covering and continuous, the sets Wα
form a compact covering of Ew such that every σ(E, E  )-compact set is contained in some Wα . On the other
hand, Ew is an ℵ0 -space, so we apply Corollary 5.6 to deduce that the strong dual E  is separable. Hence
Sw is metrizable (see Lemma 5.1) and separable. Now by Christensen’s theorem, see [18, Theorem 6.1], the
space Sw is a Polish space.
(ii) The closed unit ball B of c0 is metrizable and separable in the weak topology. On the other hand,
by [9, Theorem A, Examples (3)] B is not a Polish space in the weak topology. Now the proof of (i) (involving
Christensen’s theorem) applies to complete case (ii). 2
Remark 8.2. Note that 1 is a weakly ℵ1 -space (by Schur’s property) but the unit ball in 1 is not a Polish
space, see [9, Example 9]. So the assumption on E in item (i) that E does not contain a copy of 1 is
essential. Recall also that for a Banach space E with separable bidual E  the unit ball S in E is a Polish
space in the weak topology by Godefroy’s theorem, see [11, Theorem 12.55].
Remark 8.3. Let K be a countably inﬁnite compact space. Then C(K) contains a copy of c0 . Hence C(K)
is not a weakly ℵ1 -space by (ii), but C(K) is a weakly ℵ0 -space by Theorem 1.1.
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