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a b s t r a c t
If X is a Hausdorﬀ completely regular space, we characterize those spaces Cc (X)
whose compact sets are metrizable in terms of a particular uniformity on X. This
fact is used to show that for a k-space X are equivalent (i) X satisﬁes the discrete
countable chain condition, (ii) every admissible uniformity on X is trans-separable,
and (iii) every compact set of Cc (X) is metrizable. Several examples examine this
result.
© 2014 Elsevier B.V. All rights reserved.
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1. Preliminaries
In what follows, unless otherwise stated, X will be a Hausdorﬀ completely regular space and Cp (X) and
Cc (X) will denote the space C(X) of all real-valued continuous functions deﬁned on X provided with the
pointwise convergence topology τp and with the compact-open topology τc , respectively. The topological
dual of Cp (X) will be denoted by L(X), or by Lp (X) when equipped with the weak* topology. For a
complete account of the diﬀerent uniform convergence topologies on C(X), see [17].

A family {Aα : α ∈ NN } of subsets of a set X is called a resolution of X if {Aα : α ∈ NN } = X
and Aα ⊆ Aβ whenever α ≤ β, [13, Chapter 3]. A locally convex space E belongs to the class G if its
topological dual E  has a resolution {Aα : α ∈ NN } such that for every α ∈ NN each sequence in Aα is
equicontinuous [13, Chapter 11]. Each compact set of a space Cc (X) that belongs to the class G is metrizable
[13, Theorem 11.1]. If X is a separable metric space which is not Baire the space Cc (X) does not belong
to G but, since it is submetrizable, every compact set in Cc (X) is metrizable. Recall that a family F of
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functions from a uniform space (X, N ) into a uniform space (Y, M) is called uniformly equicontinuous [3,
X.2.1 Deﬁnition 2] if for each V ∈ M there is U ∈ N such that (f (x), f (y)) ∈ V whenever f ∈ F and
(x, y) ∈ U .
A uniform space (X, N ) is called trans-separable if for each vicinity N of N there is a countable subset

Q of X such that N [Q] = x∈Q UN (x) = X, where UN (x) = {y ∈ X : (x, y) ∈ N }, see [13, Section 6.4].
Equivalently, (X, N ) is trans-separable if each uniform cover of X admits a countable subcover [12]. The
word trans-separable was coined by Lech Drewnowski in [6]. Separable uniform spaces and Lindelöf uniform
spaces are trans-separable and for uniform pseudometrizable spaces trans-separability is equivalent to separability. Equivalently, a (Hausdorﬀ) uniform space (X, N ) is trans-separable if it is uniformly isomorphic
to a subspace of a uniform product of separable pseudometric (metric) spaces. Each locally convex space in
its weak topology is trans-separable when equipped with the (unique) admissible translation-invariant uniformity associated to its locally convex structure. The class of trans-separable uniform spaces is hereditary,
productive and closed under uniform continuous images. Some useful applications of trans-separable spaces
can be found in [13, Section 6.4].
A topological space satisﬁes the Discrete Countable Chain Condition (DCCC for short) [22] if every
discrete family of open sets is countable. Separable spaces, countably compact spaces and Lindelöf spaces
satisfy the DCCC. Further, each paracompact space that satisﬁes the DCCC is Lindelöf. Hence every
metrizable space with the DCCC is separable. Continuous images of DCCC spaces satisfy the DCCC, but
the DCCC property is not hereditary and the product of a family F of spaces that satisfy the DCCC
satisﬁes the DCCC if every product of ﬁnitely many members of F does. If (X, N ) is a uniform space such
that (X, τN ) satisﬁes the DCCC, where τN is the uniform topology, then (X, N ) is trans-separable [10].
If a completely regular DCCC space X has a subspace Y which does not satisfy the DCCC and N is an
admissible uniformity on X, then Y with the relative uniformity M inherited from N is trans-separable
but (Y, τM ) fails to satisfy the DCCC.
The research on the space Cc (X), which started with Warner’s paper [20], is still active as evidenced by
references [4,7,10,14]. We quote the following results for later use.
Theorem 1. ([10, Theorem 1]) A uniform space (X, N ) is trans-separable if and only if every pointwise
bounded uniformly equicontinuous set of functions from (X, N ) into R is metrizable in Cc (X, τN ).
Theorem 2. ([5, Theorem 4]) A topological space satisﬁes the DCCC if and only if every pointwise bounded
equicontinuous subset of C(X) is τp -metrizable.
With the help of Ascoli’s theorem, easily follows from Theorem 2 that for a k-space X every compact
set of Cc (X) is metrizable if and only if X satisﬁes the DCCC. In what follows we extend this property by
characterizing those spaces Cc (X) whose compact sets are metrizable in terms of a particular uniformity M
on X and use this to prove that if X is a k-space every compact set of Cc (X) is metrizable if and only if X
satisﬁes the DCCC if and only if every admissible uniformity on X is trans-separable. The equivalence of the
latter two statements highlights the role of trans-separability to characterize certain topological properties
in terms of admissible uniformities. Recall for instance that a completely regular space X is realcompact if
and only if there exists an admissible uniformity N on X such that (X, N ) is trans-separable and complete
[13, Proposition 6.9].
2. Characterization of the metrizability of compact sets
We start by characterizing those Cc (X) spaces whose compact sets are metrizable in terms of a particular
uniformity on X.
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Theorem 3. The compact sets of Cc (X) are metrizable if and only if (X, M), where M is the uniformity
on X generated by the pseudometrics


dA (x, y) = sup f (x) − f (y)
f ∈A

(2.1)

for each compact set A of Cc (X), is trans-separable.
Proof. Let E be the topological dual of Cc (X). Let us denote by K(Cc (X)) the family of all compact sets of
Cc (X) and by ρ(E, Cc (X)) the locally convex topology on E of uniform convergence on all compact sets of
Cc (X). If δ stands for the canonical homeomorphic embedding of X into Lp (X), note that δ(X) ⊆ L(X) ⊆ E
and observe that the topology ρX = δ −1 (ρ(E, Cc (X))) on X is stronger than the original topology of X,
since ρ(E, Cc (X))|δ(X) is stronger than the topology induced on δ(X) by the weak* topology σ(E, C(X))
of E. This latter fact implies that C(X) ⊆ C(X, ρX ) algebraically.
Assuming that all compact sets of Cc (X) are metrizable, then the topological dual E of Cc (X) equipped
with the locally convex topology ρ(E, Cc (X)) is trans-separable, [9, Theorem 2]. This topology ρ(E, Cc (X))
generates a unique admissible translation-invariant uniformity N on E such that τN = ρ(E, Cc (X)). Setting
f instead of f ∈ C(X) when f is considered as a linear functional on E, observe that (u, v) ∈ N ∈ N with
u, v ∈ E if and only if there are A ∈ K(Cc (X)) and  > 0 such that


sup f, u − v < .

f ∈A

Particularly, the relative uniformity Mδ of N on δ(X) satisﬁes that


(δx , δy ) ∈ N ∩ δ(X) × δ(X)

⇔



sup f, δx  − f, δy  < .

f ∈A

This deﬁnes a uniformity M on X such that (x, y) ∈ M ∈ M if and only if there are A ∈ K(Cc (X)) and  > 0
with supf ∈A |f (x) − f (y)| < . Given that (X, M) and (δ(X), Mδ ) are clearly uniformly isomorphic and,
as mentioned before, the class of trans-separable spaces is hereditary and closed under uniform continuous
images, it follows that the uniform space (X, M) is trans-separable.
Assume conversely that (X, M) is trans-separable when M is the uniformity on X generated by the
pseudometrics dA (x, y) = supf ∈A |f (x) − f (y)| for every A ∈ K(Cc (X)) and let A be a ﬁxed compact subset
of Cc (X). As observed above, A is contained in C(X, τM ) = C(X, ρX ). Moreover, A is a (pointwise bounded)
uniformly equicontinuous set of functions from (X, M) to R since, given  > 0, if dA (x, y) <  obviously
|f (x) − f (y)| <  whenever f ∈ A. Consequently, by Theorem 1, the set A is metrizable in Cc (X, τM ). Since
τM = ρX is stronger than the original topology on X, there are as many compact sets in X as in (X, τM ) or
more, which ensures that the topology on A inherited from Cc (X) is stronger than the corresponding one
inherited from Cc (X, τM ). Since A is compact in Cc (X), both topologies coincide and A is metrizable. 2
Theorem 4. If X is a completely regular k-space, the following are equivalent
(1) X satisﬁes the DCCC.
(2) Every admissible uniformity on X is trans-separable.
(3) All compact sets of Cc (X) are metrizable.
Proof. (1) ⇒ (2). Let N be an admissible uniformity on X, so that the uniform topology τN coincides with
the original topology of X. Let D be the family of all uniformly continuous pseudometrics on X. If d ∈ D
and Vd, := {(x, y) ∈ X × X : d(x, y) < }, then Vd, ∈ N so that the identity map id : (X, τN ) → (X, d)
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is continuous. Hence if (X, τN ) satisﬁes the DCCC, the pseudometric space (X, d) is separable. If Qd is a
countable dense subset of (X, d), clearly Vd, [Qd ] = X. Since for each N ∈ N there is d ∈ D such that
Vd,1/4 ⊆ N (see [15, Chapter 6]), it follows that N [Qd ] = X. Hence (X, N ) is trans-separable.
(2) ⇒ (3). Let us assume that every admissible uniformity on X is trans-separable. Let M be the
uniformity on X generated by the pseudometrics (2.1) when A runs over the compact sets of Cc (X). We
claim that X and (X, τM ) have the same compact sets. First note that, if δ and E denote respectively the
canonical embedding of X into Lp (X) and the topological dual of Cc (X), then (X, τM ) is homeomorphic to
δ(X) when equipped with the relative topology of ρ(E, Cc (X)) on E of uniform convergence on all compact
sets of Cc (X). If K is a compact set of X, then the set




K 3 := f ∈ C(X) : sup f (x) ≤ 1
x∈K

is a neighborhood of the origin in Cc (X) and, consequently, the absolutely convex set




K 30 := u ∈ E : sup f, u ≤ 1
f ∈K 3

is a weak* compact subset of E, that is, a σ(E, C(X))-compact set. Since ρ(E, Cc (X)) coincides with
σ(E, C(X)) on the Cc (X)-equicontinuous subsets of E, it follows that K 30 is a ρ(E, Cc (X))-compact subset
of E. Now, since clearly δ(K) is a weak* closed subspace of K 30 , we have that δ(K) is ρ(E, Cc (X))-compact.
Thus K is a τM -compact space. On the other hand, if K is a τM -compact set of X, since τM is stronger
than the original topology of X, the set K is compact in X.
If X is a k-space, the claim we have just proved ensures that the uniform topology τM coincides with the
original topology of X, so that M is an admissible uniformity on X. Since according to our assumptions
(X, M) is trans-separable, an application of Theorem 3 guarantees that every compact set of Cc (X) must
be metrizable.
(3) ⇒ (1). Assume that every compact set of Cc (X) is metrizable. Since every pointwise bounded equicontinuous set of C(X) is contained in a τc -compact set by Ascoli’s theorem, the fact that on the equicontinuous
sets of C(X) the pointwise and the compact-open topology coincide yields that every pointwise bounded
equicontinuous set of C(X) is τp -metrizable. So Theorem 2 applies to show that X satisﬁes the DCCC. 2
3. Some examples
According to [21, Theorem 3.5] a completely regular space X satisﬁes the DCCC if Cp (X) is angelic,
although the converse is not true. Since Cp (X) is angelic if X is web-compact [18, Theorem 3], every
web-compact space satisﬁes the DCCC. On the other hand, by [1, Proposition I.4.4] a completely regular
space X also satisﬁes the DCCC if Cp (X) is Lindelöf (the converse fails for instance for the ‘double arrow’
compact X).
Example 5. If X satisﬁes the DCCC, each compact set of Cc (X) need not be metrizable. Let I := D(ℵ1 ) be
the discrete space of ﬁrst uncountable cardinality and set X = Lp (I). According to [13, Example 6.2] there
exists a compact set K in Cc (X) that is not countably tight, therefore non-metrizable. But, according to
[1, Corollary 0.5.19], the Suslin number of X is countable, i.e. c(X) = ℵ0 , so X satisﬁes the DCCC. Let us
see that X is not a k-space. First note that X can be represented as the direct sum E of ℵ1 copies of R
equipped with the weak topology σ(E, F ), where F = Rω1 with ω1 the ﬁrst ordinal of cardinality ℵ1 , so
that X = (E, σ(E, F )). If we equip E with the strongest locally convex topology μ(E, F ), both topologies
σ(E, F ) and μ(E, F ) have the same bounded sets, which means that every compact set of (E, σ(E, F )) is
ﬁnite-dimensional [16, 18.5(6)]. Since μ(E, F ) is the inductive limit topology of all the ﬁnite-dimensional
linear subspaces of E under their (unique) Euclidean topology [19, Chapter 5], it follows that σ(E, F ) and
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μ(E, F ) have the same compact sets. Given that μ(E, F ) = σ(E, F ), the k-extension of σ(E, F ), i.e. of the
original topology of X, is strictly stronger than σ(E, F ). Therefore X cannot be a k-space.
Example 6. If X is a k-space, each compact set of Cc (X) need not be metrizable. Let X = D(ℵ1 ). Then
X satisﬁes the ﬁrst axiom of countability and hence is a k-space, but since Cc (X) = Cp (X) = Rω1 , the
cube [0, 1]ω1 is a non-metrizable compact set of Cc (X). Observe that if d is the trivial metric on X, the
family {N :  > 0} where (x, y) ∈ N if d(x, y) < , is a base of an admissible uniformity on X which is not
trans-separable, otherwise X would be countable. Nonetheless the uniform structure C on X described in
[11, 15.5] generates an admissible trans-separable uniformity on X. Actually, this is not the only admissible
trans-separable uniformity on X. Another one is exhibited in [10, Example 6]. Since X is uncountable and
discrete, X does not satisfy the DCCC.
Example 7. If every compact set of Cc (X) is metrizable, X need not be a k-space. Let N be equipped with the
discrete topology and choose p ∈ βN \ N. Then X := N ∪ {p} with the relative topology of βN is not discrete
and, using the fact that each open neighborhood of p meets N in a set belonging to the corresponding
free ultraﬁlter Ap on N such that Ap → p in βN, it can be easily shown that every compact set of X is
ﬁnite. This prevents X to be a k-space, because the ﬁnest topology on X with the same compact sets is the
discrete topology. Since Cp (X) is a subspace of RX , then Cp (X) is metrizable. Therefore every compact set
of Cc (X) = Cp (X) is metrizable.
Example 8. If X is a k-space and all compact sets of Cc (X) are metrizable, X need not be realcompact.
According to [2, Example 7.14] there exists a Talagrand compact space K with a point x ∈ K such that
K coincides with the Stone–Čech compactiﬁcation of X = K \ {y}. It turns out that Cp (X) is K-analytic,
hence angelic [8, Claim 4] and Lindelöf. Thus X satisﬁes the DCCC and every compact set in Cc (X) is
metrizable. Since X is pseudocompact but not compact, it is not realcompact. Observe that X, as a subspace
of a Talagrand compact space, is Fréchet–Urysohn, hence a k-space.
Example 9. If X is a k-space and all compact sets of Cc (X) are metrizable, X need not be countably tight.
Split N provided with the discrete topology into two disjoint inﬁnite sets A and B, and put T = AβN . Then
choose y ∈ B βN \ N and deﬁne X = βN \ {y}. Clearly X is Čech-complete, so a k-space. Moreover X is not
realcompact. Clearly T is homeomorphic to βN and y ∈
/ T since AβN ∩ B βN = ∅. Hence X contains a copy
of βN and is not countably tight. Asanov’s theorem [1, Theorem I.4.1] prevents Cp (X) to be Lindelöf. Since
X is separable, each compact set of Cc (X) is metrizable.
Example 10. If X is a Lindelöf P -space, each compact set of Cc (Cp (X)) is metrizable. If X is a Lindelöf
P -space, then Cp (X) is Fréchet–Urysohn [1, Theorem II.7.15], hence a k-space. Since c(Cp (X)) ≤ ℵ0 , [1,
Corollary 0.3.7], it turns out that Cp (X) satisﬁes the DCCC. Consequently, by Theorem 4, every compact
set of Cc (Cp (X)) is metrizable.
Example 11. If the compact sets of Cc (Cp (X)) are metrizable, the compact sets of Cp (Cp (X)) need not
be metrizable. Let X be a scattered compact space which is not metrizable. Then Cp (X) is a k-space by
[1, Theorem III.1.2], and the argument of the previous example shows that every admissible uniformity
on Cp (X) is trans-separable. This implies that every compact set of Cc (Cp (X)) is metrizable. But X is
homeomorphic to a non-metrizable compact subset of Cp (Cp (X)).
Problem 12. Assume that X is completely regular but not a k-space. If every admissible uniformity on X
is trans-separable, does satisfy X the DCCC?
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